In a variant of communication complexity tasks, two or more separated parties cooperate to compute a function of their local data, using a limited amount of communication. It is known that communication of quantum systems and shared entanglement can increase the probability for the parties to arrive at the correct value of the function, compared to classical resources. Here we show that quantum superpositions of the direction of communication between parties can also serve as a resource to improve the probability of success. We present a tripartite task for which such a superposition provides an advantage compared to the case where the parties communicate in a fixed order. In a more general context, our result also provides the first semi-device-independent certification of the absence of a definite order of communication.
INTRODUCTION
In its short history, the field of quantum information has been very successful in discovering and explaining differences between classical and quantum information processing-in particular a variety of advantages that the use of quantum resources confers over the use of classical resources [1] .
Quantum resources provide an important benefit to communication complexity tasks [2] [3] [4] where two or more separated parties compute a function of their input strings, seeking to maximize the probability of success under the constraint of limited communication between them. Communicating quantum bits and sharing entanglement are two well-known resources that can be used to improve success probability in such scenarios [5] .
A novel type of quantum resource-the quantum switch-, allows for the order in which quantum gates are applied to be in a quantum superposition, using an auxiliary quantum system that coherently controls the order in which the gates are applied [6] . The quantum switch has been shown to reduce the required number of queries to "blackbox" unitaries required to solve certain computational tasks [6] [7] [8] [9] [10] .
Here we find that the quantum control of the direction of communication between parties is a novel, useful resource in communication complexity protocols. We demonstrate this by considering an explicit three-party communication task, in which Alice and Bob are each given input trits and Charlie has to determine whether they are equal or not. They are not allowed to share entanglement and the total communication is restricted to two qubits. We show that, when the order of communication between parties is fixed (or classically mixed), the success probability is bounded below one. However, using the quantum switch to superpose the direction of communication between Alice and Bob, there exists a protocol that always succeeds.
PROCESS MATRIX FORMALISM
Superpositions of the direction of communication are readily described in the process matrix formalism, first introduced in Ref. [11] . We will briefly review some of its key aspects; for an extensive introduction to the subject, we refer the reader to Ref. [12] .
The most general quantum operation, a completely positive (CP) map, maps a density operator ρ AI ∈ A I to a density operator ρ AO ∈ A O . Here, 
where I is the identity map and |I := dH I j=1 |jj ∈ H I ⊗ H I is a non-normalized maximally entangled state and T denotes transposition. The inverse transformation is
Similarly, for two completely positive maps M A : A I → A O and M B : B I → B O , the joint CJ-matrix is the tensor product of the CJ-matrix of the individual maps
One can use this isomorphism to conveniently represent higher-order operations [11, [15] [16] [17] [18] , which map quantum maps to quantum maps. These "superoperators" or "processes" can also be represented as CJmatrices themselves, by applying the CJ-isomorphism repeatedly.
One can also meaningfully define operations acting jointly on states and operations. We will restrict our attention to the class of processes W mapping two CP maps and two states to two states:
PROCESSES WITH AND WITHOUT A DEFINITE ORDER OF COMMUNICATION Quantum circuits form a well-known class of processes in which gates corresponding to the operations M A and M B appear in a fixed order (as depicted in Fig. 1 M A is applied before M B (corresponding to processes of the type W A B ) or M B is applied before M A (corresponding to processes W B A ) [17] . Identifying M A (M B ) with Alice's (Bob's) operation, these "ordered processes" correspond to a definite order of signaling between Alice and Bob. More generally, we will also refer to classical mixtures thereof, which correspond to a classical random variable controlling the order of the process, (4) as "causally separable processes" [12, 19] . Not all physically implementable processes are causally separable: The quantum switch, first introduced by Chiribella et al. [6] , corresponds to the process W sw , which applies two CP maps to a target system ρ T in an order that is controlled by the value of a quantum control system σ C . The quantum switch for pure target and control states |ψ T , |φ C and unitary operations U A (U B ) on Alice's (Bob's) side is given by
and can be extended by linearity to mixed states and general CP maps on Alice's and Bob's side [8] . It is neither of the type W A B nor of the type W B A . Since it is an extremal process, it also cannot be decomposed according to Eq. (4), which shows that there is no definite order of signaling for the quantum switch [12] . Rather, one should think of it as a coherent superposition of circuits or of directions of communication, controlled by a control qubit:
It has been shown that using such a quantum control of circuits provides an advantage in query complexity for certain computational tasks [6] [7] [8] [9] . It has also been implemented experimentally, using an interferometric setup [10] .
THE TRIPARTITE HAMMING GAME
To demonstrate the relevance of the quantum switch in communication scenarios, we will introduce a communication game closely related to the distributed DeutschJosza promise problem [5, 20, 21] the Simultaneous message passing model (SMP) [2, 22] and Random access codes (RACs) [23] [24] [25] [26] [27] .
In our tripartite game-as for the SMP-, Alice and Bob receive input strings and Charlie computes a function of them. Communication between all the parties and shared (classical) randomness are also allowed. Charlie has to compute the parity of the Hamming distance of Alice's and Bob's input strings, generalizing the function of the distributed Deutsch-Josza promise problem (here, however, no promise on the Hamming distance of the inputs is required).
More precisely, Alice and Bob both are given n trits (x ∈ {0, 1, 2} n and y ∈ {0, 1, 2} n respectively), Charlie computes the Hamming parity f (x, y) defined as
In addition, the total length of the transcript communicated by Alice, Bob, and Charlie is restricted to be m bits (or qubits). This defines the (n log 2 3, m)-Hamming game depicted in Fig. 2 ; the average success probability associated to it will be referred to as p succ. .
FIG. 2. Tripartite (n log 2 3, m)-Hamming game where Alice and Bob receive input strings of the length n log 2 3 bits, and Charlie has to compute f (x, y). The total communication is m bits or qubits; no entanglement is pre-shared.
Next we show that for the (log 2 3, 2)-Hamming game (which is equivalent to the equality game for trits) the success probability is bounded below one when Alice, Bob and Charlie are restricted to using a causally separable process, i.e., when the direction of signaling is fixed or controlled by a classical random variable independent of the inputs. In contrast, using quantum control over the direction of signaling-the quantum switch-, Charlie can always compute f (x, y). This demonstrates that causally nonseparable processes are useful resources for communication tasks.
Causally separable classical strategy
We
. The deterministic strategies are the vertices of a convex polytope in the 9-dimensional (all possible combinations of x and y) space of probabilities p(c|x, y). Given that Alice, Bob and Charlie share randomness, they can probabilistically combine determinstic strategies, reaching every point inside the convex polytope.
For equally distributed inputs, the probability of success for Charlie to output f (x, y) = δ x,y is bounded by 2 :
One deterministic strategy saturating this bound consists in Alice encoding whether her input is 0 or not (a(x) = δ x,0 ) and Bob answering 1 only if he is sure that Alice and he both have input 0 (b(a, y) = δ y,0 δ a,1 ). Charlie simply returns Bob's answer. This strategy will fail only for input pairs x = y = 1 and x = y = 2.
Causally separable quantum strategy
We now turn to the case where Alice, Bob and Charlie use a causally separable process (consisting of quantum channels) and have access to quantum operations, as shown in Fig. 3 . The parties are allowed to share randomness but not entanglement. In the optimal protocol with two qubits of communication in total, Alice encodes her input trit into a qubit x → ρ x and Bob applies a CPTP map B y for each value of his input trit y onto the incoming qubit; Charlie then performs a two-outcome 2 Note that it is also a facet of the polytope, since it is saturated by vertices spanning an 8-dimensional affine subspace. 
which, in the Appendix, we prove to be
Here, an optimal state preparation by Alice is
where ρ x = |a x a x |. Bob projectively measures in the basis |a y , |a (|0 − |1 ), depending on the outcome. Charlie simply applies a projective measurement in |x± -basis, the outcome of which constitues his guess c. The probability distribution arising from the optimal quantum strategy is shown in Table I . Linear optical implementation of the protocol using the quantum switch [9, 28] . The control state |φ C is encoded in polarization and the target state |ψ T in another photonic degree of freedom. Alice and Bob apply Pauli operators on the target system depending on their input x and y. Charlie performs a measurement in |x± basis on the outcoming control system C and consequently outputs δx,y. Note that in the experiment of Ref. [10] , the control state was instead encoded in path.
over the direction of communication between Alice and Bob, they can violate Eq. (10) 
where [·, ·] is the commutator and {·, ·} the anticommutator. If Charlie chooses a projective measurement on the resulting control system C, with Π + = |x+ x+| C and Π − = |x− x−| C , he can determine whether [σ y , σ x ] = 0 or {σ y , σ x } = 0 (because of the commutation relations of the Pauli matrices, one of them is always the case). If the former is true, Charlie deduces that x = y, otherwise, that x = y. Hence, he can compute f (x, y) = δ x,y with unit probability, violating the bound (10) .
Note that the protocol can be extended to any (m log 2 3, 2m) Hamming game (Alice and Bob each are given m trits and have access to an m-qubit system). Alice and Bob apply i σ xi and i σ yi respectively; Charlie, by measuring the control qubit in |x± -basis, can still determine whether [ i σ xi , i σ yi ] or { i σ xi , i σ yi ]} is zero. Since for each different trit, a factor of −1 appears when permuting the corresponding Pauli matrices, an even number of differences in the trit strings of Alice and Bob will result in a vanishing commutator, and an odd number of differences in a vanishing anticommutator. Using the quantum switch, Charlie can therefore always find the Hamming parity (7) .
CONCLUSIONS
We demonstrated that a quantum superposition of the direction of communication between parties is a useful resource in communication complexity problems. This was explicitly shown for the (log 2 3, 2)-Hamming game, where the probability of success for processes with a definite or classically mixed order of signaling is violated by using the quantum switch as a resource. The result points to the necessity for a general resource theory of communication to account for superpositions of the direction of communication. Note that having access to the quantum switch is not equivalent to sharing a maximally entangled state between Alice and Bob-for instance, the latter (through dense coding [29] ) makes computing any binary function of two trits for Alice and Bob possible by exchanging just two qubits of communication, which is impossible with the quantum switch.
Our result also provides the first semi-deviceindependent [30, 31] way of certifying the causal nonseparability of a process, where Alice's and Bob's system is known to have (at most) a given dimension, but the operations themselves are not trusted. It lies between the stronger fully device-independent certification of causal nonseparability [11, 19, 32] -which was already shown to be impossible for the quantum switch [12, 19] -and the weaker device-dependent certification through causal witnesses [12] .
It would be interesting to improve the scaling (with the length of the inputs) of the reduction in communication achieved by using the quantum switch. To compute Hamming parity of two m-trit input strings, 2m qubits need to be exchanged using the quantum switch; making use of a process with a fixed order of communication, one can easily construct a protocol requiring only m(1 + log 2 3) qubits. Hence, both resources result in the same asymptotic scaling of communication for the Hamming game. 
We now use the fact that the POVM preceded by a CPTP map is still a POVM (the elements of which we will call B 
We notice that each optimization over B 1 y is independent; similarly to the one for optimal state distinguishability [1] , we find that the optimal POVM elements B 
